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Introduction to Radicals
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< Radical Expression >

The symbol vV that we use to denote the principal square root is called a radical or radical sign for any
real number a, and integer n > 2.

“Roots” (or “radicals”) are the “opposite” operation of applying exponents; we can “undo” a power with
a radical, and we can “undo” a radical with a power.

If the radicand has a perfect nt" power, we can get rid of the radical. If the radicand has a perfect nt"
power factors, each one of those factors can be out from the radical to be simplified.

Square Root:

/n2
Perfect squared number
under the square root

n n

For example,

22 =4, soV4 =2

52 = 25, soV25=5



Square Root:

V49 = /72
Perfect squared number
under the square root

Let’s simplify v49.
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49 7

Square:
72
So, V49 =7.
Then, how can we simplify V=272
Cube Root:

V=27 =3/(-3)3
Perfect cubed number
under the cube root

—27 -3

Cube:
(-3)°

So, ¥—27 = -3.

Ex1) Simplify:
2. V64 =88 = V&7 =
1 1 1 1 \?2
b. \/;_ f_.__ /(_) —
c. —30.008 = -V - - =3 )3 =

d. V—x° =
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The Product and Quotient Rules for Radicals

If ¥/a and Vb are real numbers, and n is an integer (n = 2), then

Vab = %a- Vb and %-TV_=W,

~fla Ra YVa .la
—=-—,b#0and == |-,b#0.
b~ b V5 b

Ex2) Let’s simplify the following radical expressions.

a. V450 =v5-9-10 =v2-32.52 =3-5-/2 = 15V2

27

b. /48x6y7 =3/2-23-3 -3 -3 PB-§B-y=2-x-x-y-y-3/2-3-y =2x%y?3[6y

V

\mﬁy/
c. V81a%h8 =

. 3[16c5d7
A 250c2d2

? Is the square root of a negative number a real number such as v—25?
s .:( Is there a real number whose square is -25? No. Thus, v—25 is not a real number.

Under the square root or even root (if the index is even), the
radicand should be ALWAYS a nonnegative number to be a real number.
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Definition of the Principal n*" root of a real number a:

Ya = b means that b = a.

If n, the index, is even, then a is nonnegtive (a = 0) and b is also nonnegative (b = 0). If nis

odd, a and b can be any real numbers.

If the index n is an odd number, a root is said to be an odd root. Likewise, if the index n is an even

number, a root is said to be an even root.
ex) 3f(—=2)3 = -2

If nis odd, Ya™ = a.

If nis even, Va™ = |a|.

Ex3) Let’s simplify the following radical expressions:

a. V=8l =3—1-81=%-1-3*= @B 33 3 =333

ex) +/(=2)* = |-2| = 2 (or since 3/(=2)* = V24 = 2)

Y

\01;@/

b. Vx10 =+/ : =( )2 = |
c. +/48y6 =
. 3+V8la?
. 3 i
Is vVa + b equal to vVa + Vb ?
Since,
re VO+16=+25=5

VO+V16=3+4=7
Therefore, Va + b # va +b.
Likewise, Va — b # Va —Vb.
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How can we rewrite the radical expression with rational exponents?

If Ya represents a real number and —isa positive rational number reduced to lowest terms, and n > 2

is an integer, then
n 1
va = an.,
n n m m
Vvam = (Va) =an.

Ex4) Rewrite radical expressions with rational exponents and simplify:

1 1 1
a. Y1000 = (10003 = (10%)5 = 10*G) = 10
Yo

(71 %y/

;.

b. (\5%y) =

c. V163 =

125n7
d.
169
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Operations on Radical Expressions

Addition/Subtraction: Only can combine “like” radicals.

Ex5) Add or subtract the radical expressions as indicated and simplify.

a. 5V2—2v2=(5-2)2=3V2

b. 47+ 3V11 — 247 +5 = 237 + 3V/11 + 5

c. 3W2Z— 4V2Z +5V3 =9V3 — 4V2 + 5V3 =

d. 42 — 725+ 22 - 248 =

Operations on Radical Expressions

Product Rule for Radicals: The product of two nt" roots is the nt"* root of the product of the radicands.

Vab=%a-Vb and ¥a-Vb="ab

Ex6) Multiply the radical expressions as indicated and simplify.

2. V5 -VT0 = VB0 = V252 = V25 - VZ = 52

lty;,y/
b. 7 -V9x6 =3/7-9-(x2)% = \}\

.V3(2-5V6) =

(e}

L(1+V3) =

o

L (BHVT)(B—7) =

)
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Radical Conjugates

Radical expressions that involve the sum and difference of the same two terms are called conjugates.

va ++Vb and va — Vb are conjugates of each other.

The product of radical conjugates does not contain a radical.

(Va+B)(¥a~Vb) = (Va)’ - (V)" =a b

For example, V2 + 3v/6 and v/2 — 3v/6 are conjugates of each other. And their product is,

(VZ+3V6)(VZ - 3V6) = (V2)' = V2(3V6) + V2(36) - [BV6) = 2 - 96 =

Ex7) Determine the radical conjugate and find the product of conjugates.

a. 5—7 Radical Conjugate: 5447

Product: (5 —V7)(5+v7) =52 - (V7) =25-7 =18

—52

J/Ou %y/

b. 3v2 + 4 Radical Conjugate:
Product:
c. V11 -2v3 Radical Conjugate:

Product:
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Rationalizing Denominators

The process involving rewriting a radical expression as an equivalent expression in which the
denominator no longer contains any radicals.

Ex8) Rationalize each denominator and simplify.

V3 V3 W7 V37 V21 To remove the radical in the denominator, multiplied
a. _7 = ﬁ ) ﬁ = (\/7)2 = ~ the numerator and the denominator by v/7.
N R 7 A7 _¥75 %35
"Al25 Al52 352 353 s

2 2  2—/8  2(2-2v2) _ 4(1—/2)
C. = . = = =

2+V/8  2+/8 2-/8 4-8 -4

5
d — =
V50
12

“VTH3
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Answer Key
1. a.

[oe]

b.

O |-

c. 2y +/3y?
d. 1+3|a]
2
4. b. (5xy)+
c. 2°

5n3v/5n
13

5.c 143 — 42
d. 2v2-35

6. b. x2363
c. 243 — 152
d. 4+2vV3

e. 2
7. b. Radical Conjugate: 3v2 — 4 Product: (3v2 + 4)(3vV2 —4) =2

c. Radical Conjugate: V11 + 243 Product: (\/1_ - 2\/3_’)(\/H + 2\/§) =-1
8. c. —1++2

2
4 V2
2

e. 3(W7 —+3)



